On go-Categories 



Daniel Gerigk0 



Abstract. A new definition for the notion of a (general) oo-category 
is given. 



co-categories in SetA 

The notion of an oo-category in SetA was first defined by Boardman & Vogt 
([1]), and was further developed most notably by Joyal ([3], [4], [5], [6]) and by 
Lurie ([7], [8]). 

Definition. Denote by Cat the category of (small) categories. Denote by 
A c Cat the full subcategory generated by the categories (associated to the 
linearly ordered sets) A™ := for n e N, and call it the category of sim- 

plices. Let SetA denote the category of (small) presheaves over A, and call 
its objects simplicial sets; the Yoneda embedding A SetA will be used to 
identify A with a full subcategory of SetA- A cz Cat is dense, i.e. the nerve 
functor N: Cat <-> SetA, which sends a category to the presheaf over A that it 
represents, is faithfully full. 

Theorem. C e SetA is isomorphic to the nerve of a category in Cat iff for every 
inner horn AJJ t= A", the induced map C(A") — > C(AJJ) is bijective. 

Definition. (Boardman & Vogt, [1]) C e Set a is called an co-category if 
for every inner horn A£ <z A", the induced map C(A") — > C(A£) is surjective. 
Denote by Cat^ c SetA the full subcategory generated by the oo-categories. 

Theorem. (Joyal, [?]) There is a Cisinski model structure on SetA, called the 
Joyal model structure, which has as fibrant objects precisely the oo-categories. 

Theorem. (Cisinski, [?]) The Joyal model structure on SetA is the Cisinski 
model structure whose localizer is generated by the set of spine inclusions. 



oo-categories in Set AN 

In the same spirit, I would like to propose the following generalization 
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Definition. Define the category of multi-simplices to be the full subcategory 
A\ cz X fe>1 A generated by those co-tuples over A with all but a finite num- 
ber of components equal to A . By appending A°s, every finite tuple over 
A canonically defines a corresponding multi-simplex, and when speaking of a 
finite tuple over A, I shall always mean the multi-simplex it defines. There is 
a canonical embedding A <^-» A\, sending A to (A). For ai,a 2 , . . . > 0, define 
AX (oi,o 2 ,..) . = (A a i,A a2 ,...). Call Ae A\ non-degenerate if A = (A u . . . , A n ) 
and A\, . . . , A n # A for some (uniquely determined) n^O. 

Definition. Let Set AX be the category of presheaves over A\, and call its objects 
multi-simplicial sets] the Yoneda embedding A\ Set AN will be used to identify 
A\ with a full subcategory of Set AV 

Definition. Let A = (A ai , A" 2 ,...)£ A\, and let k Ss 1, a k ^ 1, < i a k - 
Define the (k, i)-th face inclusion of A to be the monomorphism 6^ k ^ = 
{61,62, • • •): B A in A\, where for n ^ k, 6 n : A a ™ — > A a ™ is defined to be the 
respective identity, and 6k- A afc_1 — » A Qfc is defined to be the z-th face inclusion 
of A afe . S ) is called an inner face inclusion if < i < ak- Define the (k,i)-th 
face of A to be the image im SA^ c 4 in Set AV Define the boundary of A to 
be the multi-simplicial subset oA cz A that is the union of all the faces of A. 
Define the (k, i)-th horn of A to be the multi-simplicial subset A^, ^ cz A that 
is the union of all the faces of A except the (k, i)-th face; call it an inner horn 
if the missing face is inner. 

Definition. C e Set AN is called globular if for every multi-simplex A = (A\, A 2 , . . .) 
with A fe = A , k > 1, the map C((Ai, . . . , Ak-i)) — * C(A) induced by the 
canonical morphism A = {A\, A2, ...)—» (Ai, . . . , Ah-i) is bijective. Denote by 
G c Set AX the full subcategory generated by the globular multi-simplicial sets. 

Proposition. The functor glob: Set AX — » G, which sends a multi-simplicial set 
C to the largest globular multi-simplicial subset glob(C) cz C, is right adjoint to 
the inclusion functor G Set AX , i.e. G c Set AX is a coreflective subcategory. 

Definition. C e G is called a strict co-category if for every inner horn A^. ^ cz A 

of a non-degenerate multi-simplex A e A\, the induced map C(A) — » C(A^. ^) is 
bijective. 

Definition. Call C e G an zo-category if for every inner horn AA ~ cz A of 
a non-degenerate multi-simplex A e A\, the induced map C(A) — » C(A^.^) is 
surjective. Denote by Cat^ cz G the full subcategory of co-categories. 

Definition. Call C e Ca,t% an n-category, for n 5= 0, if for every a\( 01 ' 02 '"^ e A\, 
the map C(A\ (oi --° b) ) -» C(A\ (ai ' a2 "- ) ) induced by aV^ 1 ' 02 '" — is 
bijective. Denote by Cat^ cz Cat^ the full subcategory of n-categories. 
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Definition. The canonical functor A — > A\ induces a functor Set AN — » Set a, 
which again induces a functor Cat^ — » Cat^. 

I would like to postpone the details of the constructions in the next definition 
to a later paper . . . 

Definition. It should now be possible to define Cat^, the oo-category of co- 
categories. Its objects and (simplices of) 1-morphisms correspond to those of 
(the nerve of) Cat^; in general, Cat^(A), for A e A\, may be constructed by 
exploiting the cartesian closedness of the topos Set AV 

Define Cat^ cz Cat^, to be the oc-subcategory generated by the n-categorics. 
It should be the case that Cat^ is an (n + l)-category. 

Definition. For C e Cat^, define the co-category of k-morphisms of C to be 
Mor fe (C) := C o a k , where a 1 : A\ — » A\ is the functor that sends {A\, A2, . . .) 
to (A 1 , Ai,A2, . . .) - i. e. prepends A 1 - and similarly prepends id^i to a mor- 
phism. We get a functor Mor fe : Cat^ -» Cat^. 

The definition of (go, fc)-categories and of fc-tuply monoidal oo-categories is 
straightforward. 



Embedding Cat£ in Cat^ 

Proposition. There is an adjunction 

L: Set AX zz Set A : R, L H R, 

such that the restriction L\ & : A\ — » SetA sends an object A = (A\, A 2 , . . .) e A\ 
to A\ x A2 x . . . e SetA and a morphism / = /2, • • •) in A\ to the mor- 
phism fi x fi x ... in SetA, and furthermore R sends an object C e SetA to 
Mor (L(— ),C) e Set AX and a morphism /: C — » V in SetA to the evident mor- 
phism in Set AV 

Lemma. (Joyal, [6]) If a monomorphism u: A B in SetA is inner ano- 
dyne, then so is the monomorphism u x' v: (A x T) u (B x S) cz B x T, for any 
monomorphism S <-+ T in SetA- 

This lemma is the main ingredient in the proof of the following proposition . . . 

Proposition. L: Sct AX — » SetA sends inner horn inclusions A^, ^ cz A in Sct AX 
to inner anodyne monomorphisms in SetA- 

Proposition. Letting V := L\q and R' : = glob o R, we obtain an adjunction 

L': G zz SetA : R', L' H R' , 



3 



and by using the previous proposition, we see that R' induces an embedding 
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